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VECTORS FOR BEGINNERS 
By PROFESSOR JOSEPH B. REYNOLDS 
Lehigh University 

The vector idea is so common in the study of science and the 
vector method so easy and effectual in application that students 
in preparatory schools should aequire an understanding of the 
subject. Its importance is emphasized when we recall that dis 
placement, velocity, acceleration, foree, electric current, stresses, 
strains and many other physical quantities can be correctly 
represented by vectors. 

A veetor is a quantity that has magnitude and direction and 
can therefore be represented by a directed segment of a straight 
line. A sealar quantity lacks the quality of direetion and ordi- 
narily may be considered as of the nature of real number vary- 
ing from -—— x through zero to + co like the numbers on a 
linear seale which proceed either negatively or positively from 
the zero point. 

If we represent a vector a by a di- 
a rected segment then sa, s being a 
— *—s sealar quantity is a veetor parallel to 
a which ts less than a if 0< s<l1 
ornsnnisanpeannhinntassisiily and greater than a if s>1. If s is 
negative, the vector sa is then directed 

in the opposite direction from that of a. 

If ¢ is the third side of a triangle, the other sides being a 
and b direeted as shown, ¢ is said to be the veetor sum of a 


and b or 





c=a+b. 
lf we think of the veetor b as being replaced by an ft 
equal and opposite veetor — b we should have F 
A 
/ 
c+ (—b)=—a or e—b—a, 
6 
that is, we may transpose as in an ordinary 
algebraic equation or subtract vectors if 


. . 4 
we pay due regard to the direetion of _ 
the vectors. hor 
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Again, if we have the veetor equation 
a+b+c=d 
one can easily verify that we have the same result whether we 
add a to the sum of b and ¢ or b to the sum of a and ¢ or ¢ to the 
sum of a and b; that is the ecom- 
mutative and associative laws of 


a 
$2 ; ’ ; cat 
algebraie addition hold. 
, In the equation 
43 
r—b-+ sa 
r is a veetor from the origin of 


b to any point on a or @ ex- 
tended, depending upon the value of s. 

It is evident that the sum of two non-parallel vectors cannot 

be zero unless each vector is zero, so that, if 

(s’ —s)a+ (’—t)b—0 
s. s, t and ¢ being sealars we must haves—s ~—O and 
t—t'—0 or s=s and t=tft. 

This is sufficient knowledge to begin making applications to 
problems in geometry. To prove that the medians of a triangle 
intersect in a point two-thirds the distanee from each vertex to 
the opposite side we 
assume a and Db as vee 
tors for the sides OA 
and OB of the tri- 
angle. Then b—a is 





the third side AB, 
that is directed from ; 
A to B. Then the median OM is 


OA + AM =a+ 14(b—a) — 14(a+ b) 


Hence for the veetor from O to any point on OM we have 
r= Y4s(a + b) 


For the median NB we have ON+ NB=OB or NB= 
b — 14a and since N is the origin of this veetor we have with O 
as origin for any point on it. 


r=ON + t(NB) = Ya + t(b— Ya) 
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Where the vectors OM and NB intersect the r’s are identical and 
therefore 
os(a 4 b) = !4a +- t(b— la) 


lo(s + 4—1)a+ (4s—t) b—O0 
Now, since the coefficients of a and b must vanish 
s+t—1—O0 and l4s—t=—0 


viving f= } and s = %; that is the medians interseet two-thirds 
the distanee from O to M. and one-third the distance from 
N to B. 

Again, let us take the proposition from solid geometry that 
the lines from the middle points of opposite sides of a tetraedron 
meet and biseet each 

other. 
In the _ tetraedron 


OABC let OA be a, OB 
y be b. OC be ec, then 
' 


AB =b—a, CB == 





A 


—-* 


O | _ a a b—e and AC —c—a. 
a 


For the veetor MN 
from the middle of OA to the middle of CB we have 


Lon + MN —c + %4(b—e) 
whence MN == 14(b + ¢—a) 
and for any point on MN we have, O being the origin 
r= 4a + 1os(b + c—a) 


For the veetor TS from the middle of OC to the middle of AB 
we have . 
oe -+- TS =a+t+ 14(b—a) 
giving TS = l(a + b—c) 
so for any point on 7S, O being origin 

r= 4c + Y%t(a+ b—c) 
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s and ¢ being sealar quantities. If these interseet 
4a + 14s(b + e—-a) = Ye + Ut(a+ b—ce) 
and it must be possible for s and / to satisfy the three equations : 


iste s—l+ t=O s—t=—_0 


whieh ean be done by s = } and t = }. 

The two vectors therefore intersect and at their middle points. 
The ease and directness of this method will certainly appeal to 
any pupil who has the elements of a real student in him. 

The absolute length of a veetor a,, usually written a,, is its 
magnitude without regard to its direetion. The absolute length 
of the veetor 5 miles northwest is 5 miles. 

The dot or scalar product of two veetors (written a-b) is a 
scalar quantity equal to the product of the absolute values of 
one vector times the projection of the other upon it. Thus: 

a-b = (OA)b, = a,b,cos @ 
where 6 is the angle between a and b. 

If 6 is zero we have, letting b — a, 

aaa,” =a 


so we get the important relation 








a=a,=/yV\a'a 
or the absolute length of a vector is the 
square root of the dot product of the vector by itself. Dot prod 
ucts follow the ordinary distributative and commutative laws of 
multiplication, that is: 


a-(b-+c)—ab--ac—ba-+tea 


As an applieation of the dot product we take the proposition 
from the third book of plane geometry that the square of the 
median of a_ triangle 
equals half the sum of the 
squares of the two inelud 
ing sides less the square of 
half the third side. 

Let the sides of the tri 





angle be of lengths a, b 
and ¢ and the median m as 
shown in the figure. ‘Then we have 








oe ary agree 
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m—b-+ 4(a—b) = (a+b) 
m:m = }(a+ b)-}(a+b) 
= 1(a-a+ 2a-b+ bb) 
a m? = Y(a? + bY) + Jab 
Nou = m— $c 
a=m-+ se 


“ab = (m- te)-(m— $c) = m-m— fee = m* — fe" 


so that substituting this value we have 


m? == }(a* + b*) + 4m? — he- 


or me = h(a? \- b=) — ($e)? 
Q. E. D. 
Obviously, many problems and theorems involving length of 
lines can be treated in this way. 
The cross or vector product of two vectors (written a * b) is 
a veetor quantity of absolute magnitude equal to the product of 
the absolute value of a and of the projection of b upon a per- 
pendicular to a and of direction perpendicular to the plane of 
aand b. Thus: 
a < b= a,pk = a,b,sindk 


where k is a veetor of unit length per- 
pendieular to the paper downward or in 
a direction opposite that of the motion 
of a right-handed serew if a line aeross 
its head be turned across the angle @ 
from the direction of a to that of b. We 
have then, that 





’ 





ax b=——bx<a 


that is, if we change the order of the factors we change the sign 
of the eross product. Again (a Xb) Xe is not equal to 
a (bc) so that the commutative and associate laws of 
algebraie multiplication do not hold in the ease of the cross 
product. But, the order remaining the same, the distributive 
law of algebraic multiplication does hold, thus: 


aX (b-+-c) =a b+axXc— —(b+c) Ka= —bXa—eXa 
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Many problems are simplified by using for reference three 

mutually perpendicular unit vectors i, j, and k. In this case 

since 6 = 90°, we have 
i:i—j-j—kk—1 " 
i-j—jk—ki—0 ; 

K ixi—jxj=—kxk=—0 

ixj——jxi—k 

alt é ix ko —k X fei 
kX i —-ixk=j ‘ 





The last three of these results ean be read eyelicly from a dia- 
gram. In the direction of the arrow heads we get positive prod 
ucts, the other way negative, /. e., 


ix j=k but k xX j=—i. 


Since the absolute value of the cross 
product is equal to the area of the par 
allelogram whose sides are a and b, it is 
often useful in problems or theorems in- 
volving areas. From page 329 of 





Chauvenet’s Solid Geometry we have 
the original: If one of the triedral angles of a tetraedron is ; 
trirectangular the square of the area of the face opposite to it is 
equal to the sum of the 
squares of the areas of 
the three other faces. 
Let the three mutual 
ly perpendicular edges 
be of length a, b and e. 


then using unit vectors 


we have OA —ai, 
————_ | ‘ ¢ 
>A OB = bj and OC — ck. 


and for the edges AB 





and AC opposite the tri 


rectangular angle 





bj—ai; 


AC = ck — ai. 
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Then 


2 Area /\ ABU = | (bj —ai) & (ck —ai) J, 
= [bei + acj + abk], 
= vy (bei + acj + abk)- (bei + acj + abk) 
= \/ bc? + ac? + a2b? 


Therefore 
(Area ABC)? = (4be)* + (fac)? + (4ab)* 
— (Area OBC)? + (Area OAC)* + (Area OAB)* 
Q. E. D. 
The value of the prineiples here set forth is more real than is 
apparent; for the student having a thorough grasp of them can 
not only solve many problems in elementary mathematies, but is 
equipped to pass by easy stages through most of the analyses 
of analytie geometry, differential and integral calculus, analytie 
mechanies and differential geometry besides much of physics 
and electrical theory. 





A GREAT MATHEMATICIAN AS A SCHOOL BOY 
By DAVID EUGENE SMITH and VERA SANFORD 


There is always and everywhere present in the human mind 
the tendency to hero worship. leonoclastic as we may conceive 
ourselves to be, theoretically regicidal as we may proclaim our 
intentions, radical as may the group of which we are members 
‘boast itself, we all admire real ability and we tend to bow down 
before it. This is the reason why we exalt, even unduly, those 
whose genius we admire, placing them upon pedestals and con- 
sidering that human frailties are alien to their nature. To us 
they are heroes ever,—born great and never descending to the 
average human level. 

But we know that this tendency to hero worship is not war- 
ranted ; that all humanity passes through the stage of childhood, 
the great as well as those whose mental caliber is looked upon 
as small; and that the youth of genius and the youth of the dul 
lard have very many points of contact. Nevertheless, we hold 
that all stories of Thales and Archimedes, of Newton and Leib 
niz, and of Laplace and Gauss, must begin only with their sev 
eral periods of eminence. 

It is the purpose of this note to ask one of the great mathe 
maticians of the world to speak for himself, and to give to 
American teachers a passing glimpse of his own boyhood. The 
mathematician is Adrien Marie Legendre,—great in the theory 
of numbers (ineluding the principle of least squares), in the 


field of elliptie funetions, and in the applieations of the eal- 


eulus; a prolifie writer upon a variety of minor mathematical 
subjects, and the one who, with befter right than any other man, 
save Euclid, can be ealled the father of American geometry as 
taught in our schools today. It was the textbook which he wrote 
for the purpose of making geometry more intelligible to the 
youth of France that, through a translation made two or three 
generations ago, set the standard that is still maintained in the 
American schools. 

Among the autographs of famous mathematicians which form 
part of the library of one of the writers of this article, there is 
a letter in a boyish hand, written when Legendre was only eigh- 
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teen years old and was a pupil in the Collége Mazarin at Paris. 
So far as known it has never been published, and its human char- 
acter brings before us vividly the youth of the great French 
scientist who, only five years later, was professor of mathe- 
maties in the Eeole Militaire at Paris, and who, a few years 
thereafter, ranked with Laplace and Lagrange as one of the 
great mathematicians of Franee. Te weathered the storm of 
the Reign of Terror, prospered under Napoleon, reached the 
highest rank among the learned of his day, and yet died in ob- 
security and poverty. 

The letter, translated with such freedom as is necessary to 
meet the conditions of a foreign tongue, but with the capitaliza- 
tion and general style of the original, is as follows: 


M' M. T. Zandolphe 

I see With pleasure that My objections To The Slaughter Of the Hares 
and Partridges have not been Allowed to be forgotten. But I shall say 
nothing more about it since you no longer mention my Boasting when 
we were at Saulx.* I Am Always happy when I am not The Only brag- 
fart. You are now threatening me with Reference To a boxing match. 
I advise you, for my part, not To make Such a swagger. Look out for 
yourself, I am growing more proficient Every day, & you know that 
practice makes perfect. 

Since the time that you Wrote me It has hardly Stopped raining at 
paris. The Weather is cold. wet, and Altogether Disagreeable. I have 
scarcely seen Jupiter & Venus. From the little that I have observed 
them, However, I notice that Venus is growing more and more brilliant, 
she is drawing nearer and near to Jupiter & I read in My Almanac that 
she will Be barely two degrees distant from‘him at the Beginning of 





* There is a small town by this name in the Haute-Saone, near Paris. 
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next Month | am counting on the pleasure Of seeing her At that time 
And 1 bee you to share the treat If Time permits. It will Be about the 
full Moon. 

It seems to me that your Liking for Astronomy has Grown Consider- 
ably. You propose to observe the Setting of the stars And to determine 
The precise hour; I do not know by what Means. For a Watch is not 
sufficient!v exact for That. Besides, There are a Thousand hindrances 
to observing the Setting of the stars. I° The Refraction makes the star 
appear On The horizon Long after it has actually set. 2° The horizon 
is Often badly Defined Because of Mountains &c so that the star ap- 


pears to have Set when it has not &c &e. I Believe that to cultivate 
your Hobby you ought to have a Celestial Chart by Means of which you 
might easily learn The names of the stars & of the Constellations. We 
can Amuse ourselves with One when you Are in paris. 


Adieu. My Dear friend, I wish you the best of Health I would write 


several other Things, but | am So pressed for Time that if I am to Put 
This in the mail This Evening, I cannot even re-read it I will Save 
them for my Next letter | Always beg you to reply As soon as Is pos- 


sible So that I may not have to Wait Long to hear from you. 

LE GENDRE 
Paris le 25 
8 bre 1770 

For a boy of eighteen, such a letter shows great promise,—a 
promise which, as we know, was abundantly fulfilled. It would 
be interesting to know how many boys, in the United States to- 
day, would be apt to write a similar letter, and how many will 
leave such a name in the history of the world. 

It will be noticed that the name is signed Le Gendre, whereas 
we commonly see it in the form Legendre. In his youth he al- 
ways used the former style, but in later life he was in the habit 
of writing the two parts together, and gradually the capital G 
became smaller. There was always, however, a trace of the old 
form, although in print the name appears as it is now commonly 
known. 






























THE FORMULA IN NINTH GRADE ALGEBRA 
DR. J. M. KINNEY 
tivde Park High School, Chicago 

Algebra is a general science. In elementary mathematies we 
recognize a body of mathematical material which we are ac- 
customed to classify as arithmetic and another which we classify 
as algebra. Yet upon examination of the material of these two 
subjeets we find many common problems. Does this mean that 
there is no sharp line of demareation between these two sub- 
jects? In order to answer this question let us first consider 
some simple examples. 

Let us take for our first example the problem of finding the 
simple interest on $500 at 6% for a period of 2 years. The in- 
terest is obtained by multiplying $500 by .06 and the resulting 
product by 2. That is 

t= $500 « .06 2. 
i= $60. 


This problem is characterized by the fact that we are operating 
on particular numbers with a view to obtaining the interest im 
this particular ease. This is a problem of arithmetic. 

But let our attention be directed to the faet that in finding 
the interest in all eases in which the principal, rate, and time 
are given we obtain the product of these three elements. Now 
we are in the field of algebra. 

This illustration is given in order to point out the fact 
that in arithmetic we are interested in particular numbers as 
we move toward results, while in algebra we direct our atten- 
tion to the operations required to reach these results and shut 
out from consideration any particular characteristies of the 
numbers employed in the operations. In arithmetie we are 
interested in the eombination of a set of particular numbers. 
In algebra we are interested in the rule for the combination of 
such sets. Thus arithmetic is a particular science, while algebra 
is a general science. 

Meaning and use of the formula. Let us return to the rule 
for finding simple interest. It may be stated as follows: The 

367 





368 THE MATHEMATICS TEACHER 


simple interest on a sum of money at a given rate for a given 
number of years is equal to the product of the principal, rate, 
and the number of years. Now let us agree that 7 shall mean the 
phrase, ‘‘The simple interest on a sum of money at a given rate 
for a given number of years,’’ and p, r, and ¢ mean principal, 
rate, and number of years respectively, then the rule could be 
put in the form 


i=prt. 


This shorthand, or shortmind,' form of expression of this 
rule is called a formula. A formula may thus be defined as a 
symbolic expression of a rule or principle. This symbolie mode 
of expression is another mark of algebra which distinguishes it 
from arithmetic. 

Since algebra deals with generalizations expressed in symbolic 
language it seems that the pupil could be introduced to formal 
algebra quite naturally by means of the formula. In his arith- 
metic work he has been given various rules for the solutions of 
problems. He is therefore ready and will be delighted to trans- 
late these rules into formulas. 

Let us consider a very simple example for illustrating the 


method of proceedure in making his first translations. 


The number of feet in a given number of yards is equal to three 
times the number of yards. 


It would probably be well in leading the pupil to the extreme 


symbolic form to first write it in an abbreviated form as follows: 
No. of ft. in a given no. of yd. = 3X no. of yd. 
So far he sees abbreviations with which he is familiar. At the 


same time he sees an economy in the time and space required 
to write it, while there is a saving in mental effort in reading it. 

Now let us agree that f shall mean ‘‘the number of feet in a 
given number of yards’’ and y shall mean ‘‘the number of 
vards.’’ Our abbreviated form then becomes 


f=—3xXy. 


Now if we make the agreement that a number placed adjacent 
to a letter shall mean the product of the two we can finally 
write 


f = 3y. 


1 See T. J. McCormack, “Why Do We Study Mathematics?” 
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Thus a statement of nineteen words is expressed by means of 
four symbols. It is much more easily read than the original 
statement and the relation between feet and yards can be seen 
at a glance. 

The introduction of letters to represent mathematical phrases 
obviates the difficulty the pupil has in the older algebras in 
which he is confronted with the statement ‘‘Let x2 represent a 
number.’’ He immediately protests that he cannot see how 
can represent a number unless it be some particular number. 
But in the formula f = 3 y he readily sees that y stands for the 
phrase ‘‘number of yards’’ and that this number may be any 
one he chooses to make it. 

With such an introduction to algebra considerable practice 
should be given in translating from ordinary language to the 
symbolie form, and conversely. Later I shall give examples of 
rules and formulas which are suitable for the ninth grade work. 

The importance of the formula in mathematies can hardly be 
over emphasized. Formulas are found in engineering and tech- 
nical journals, in works of science, in business, in a vast num- 
ber of trades and professions in which a mathematical statement 
or investigation is required. 

The importance of the formula comes from the fact that it 
is a great economizer of space, time, and mental effort. By 
means of it one can disengage his mind of all sensory exper- 
iences and can concentrate his attention wholly upon the relation 
or operation expressed by it. As an illustration consider the ex- 
pansion of the fifth power, let us say, of the sum of two num- 
bers, viz., 

(a+ b)® —a® + 5a*b + 10a*b? + 10a7b? + 5ab* + B®. 


It would require more than one hundred words to express this 
formula in ordinary language. Moreover it would require much 
more mental exort to comprehend this relation in this form than 
in the symbolic form. 

The great advances made in mathematics date from the time 
of the introduction of symbols. One has only to consider such 
a statement as Taylor’s Theorem, viz., 


eth) f(t +eratSrat..... 
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to see the necessity of a symbolism. This relation stated in 
ordinary language would be bewildering and probably useless 


for practical purposes. 


Gradation of formulas. It is needless to say that formulas in 
a course in algebra should be arranged in the order of their 
complexity. However people might differ as to the position in 
which any particular formula should be placed. In the course 
whieh I have developed I have made the function the organizing 
prineiple. The funetions which I have used are integral alge- 
braie functions of the first and second degrees. I have arranged 


them in the following order. 


¥ == UT 
y=ar+b 
>= ary 

y =ar- 

y =a(a- — b*) 
y=a(r+b)- 


y=ar-+br+e 


Now a formula may be looked upon as a relation between 
variables. If one of the variables in a formula is expressed in 
terms of the others it is said to be a function of these variables. 
Thus in all of the relations above, excepting (3), y is a funetion 
of x; while in (3) z is a function of x and y. If, therefore, a 
formula ean be put in either of the forms listed it should be 
placed in the course under the function to which it belongs. 


Formulas should be interesting. No formula should be given 


a pupil unless it concerns something of interest to him. When- 


ever convenient it should be derived by him. Thus the formula, 
FP = ?C + 32, 
has much more interest and meaning for the pupil who has ac 
tually worked out the relation between the two thermometer 
scales, who has expressed this relation in good English, and who, 
finally, has translated his statement into this shorthand form. 
There is a vast amount of material which may be used in 
formula construction. The rules of arithmetic may be drawn 
upon. Experimental geometry offers a rich field. Here we 
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ean find formulas on perimeters, similar figures, and areas. 
Then there are many mechanical and physical laws within the 


easy comprehension of the pupil. Among these are uniform 
motion, forces on an inelined plane, motion on an inelined plane, 
motion under constant acecleration, vibration of the simple pen- 
dulum, and distanee traversed by a body moving under constant 
acceleration. Many business rules may also be expressed by 
formulas falling within the range of the ninth grade work. 


Formulation and trans'ation. No attempt should be made by 
the pupil to construet a formula until the situation he wishes to 
express by it has been earefully analyzed and formulated in 
words. As a simple example consider the construction of the 
formula for the area of a rectangle. After the pupil has learned 
that the area of a rectangle means the number of square units 
that will cover it, let him be required to find the area of a rect- 
angle, 8 by 11 inches, let us say, which has been divided into 
square inches without counting the individual units. He soon 
discovers that this may be done by counting the number of 
squares in a row and multiplying the result by the number of 
rows. He is then ready, so far as the ease of integral dimen- 
sions is concerned, and should be required to state that the area 
of a rectangle is equal to the product of the base and altitude. 
Now he may translate this into the formula, 


A = ab 


Throughout the course the pupil should have much practice 
in the formulation of mathematical statements in words and the 
translation of these statements into formulas. Conversely, he 
should be required to translate formulas into ordinary language 
and to see that an elegant and precise rendering has been made. 


Some Examples of Material to be Used. I shall now add some 
typical examples which I am accustomed to give my classes. 
They are adapted to ninth grade work and are arranged in the 
order in which they are presented. 

1. Write a fo-mula for finding the perimeter of a square when 
the number of feet in the length of a side are given (p, s). 

Before writing this fo: mula the pupil should be required to 
state the rule in words. The notation (p, s) signifies that he is 
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to let p mean *‘the number of feet in the perimeter’’ and s, ‘‘the 
number of feet in the length of the side.’’ The advantage 
gained by having pupils use the same notation for purposes of 
comparison is obvious, 

2. Motion is frequently transmitted from one piece of ma- 
chinery to another by means of a belt. The safe working 
strength, expressed in pounds, of a belt per ineh of width is 
equal to 300 times the belt expressed in inehes. Express this 
statement by means of a formula (s, ft). 

3. A rule used by some dairymen in feeding grain to dairy 
cows is as follows: To determine the number of pounds of 
grain to feed a dairy cow per day divide the number of pounds 
of milk produced by her by 3.5. Write the formula (g, m). 

4. A train travels 40 miles per hour. Let d mean distance ‘nm 
miles, and ¢, time in hours, then 


d = 40f. 


Express this formula in words. 
5. A formula which will give the time between any two con 
secutive hours when the hands of a clock are together is 


m= Soh 
where m is the number of minutes past the hour and h is the 
number of hours. Translate. 
6. With an inelined plane, ear, and spring balances from the 
physies’ laboratory it is easy to have the pupils see that 


p h 


w l 
where p and w mean power and weight, and A and / mean height 
and length of the plane, and provided the power acts in a direc- 
tion parallel to the plane. 
From this relation pupils ean find 


h 
pw: 
or p = wsint 
where 7 means the angle of inclination. 


Of course this formula presupposes familiarity on the part 
of the pupil with the trigonometric ratios. 
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8. It is not difficult to lead a class to see that velocity on an 
inclined plane is given by the formula 


v = 32¢tsini. 
The formulas dealt with above are of the form 
y = az, 


A vast amount of material giving rise to relations of this 
form is available. The formulas which follow immediately fall 


under the more general form 
y=ar-+ b. 


9. A recipe for making coffee is the following. Allow one 
tablespoonful for each cup and one for the pot. Translate this 
rule into a formula (ft, c). 

10. I bought a set of books for which I was to pay $18. I 
agreed to pay for them at the rate of $1 per month. Write a 
formula expressing the amount still owed at the end of a given 
number of months (a, t). 

11. A certain society charges $10 for the initiation and $5 per 
year for dues. Write a formula for computing the amount paid 
in by a member after any number of years (a, ¢). 

12. The Chicago Telephone Company’s rate for a four-party 
line is as follows: A guarantee of 5 cents per day, 1. e., $1.50 
per month, plus 4 cents for each outgoing message above 30. 
Write a formula for finding the cost for any number of mes- 
sages (c, m). 

13. Given a table of rates of postage for the various zones 
the pupil can easily construct formulas giving the postage for 
each zone on any number of pounds. These formulas are of the 
form 


p=f+e(w—l1). 


14. As a train inereases its speed the resistance to its motion, 
due to the air and other things, inereases. The following 
formula has been suggested for computing this resistance, viz., 


=—=2+4 


where r means the number of pounds of resistance per ton of 
load and s, the speed in miles per hour. 
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Translate this formula into a rule for computing resistance. 

15. The formula for computing the postage on a parcel di- 
reeted to a local point is 

py = -05 + .01 5", 
where p, is expressed in dollars and w in pounds. Translate. 

16. The swimming tank in Hyde Park High School has a 
eapacity of 54,000 gallons. It ean be filled at the rate 1,500 
gallons per hour. At a eertain instant while it is being filled 
it contains 22,500 gallons. Write a formula by which the num- 
ber of gallons in the tank may be computed for any time before 
or after this instant (g, ¢). 

The formula is 

g = 22,500 + 1,5008. 
/ may take both positive and negative values. g is always 
positive. 

17. A dairyman, who retailed his milk, derived a formula by 
which he could compute the approximate annual profit on a 
cow if he knew the average number of pounds of milk she gave 
per day. The formula was 

p = 15m — 135, 
where p is the profit in dollars and m is the average number of 
pounds of milk per day 

Notice that p may take both positive and negative values while 
m is always positive. 

18. When weights of 2 ounces, 6 ounees, 8 ounces, and 12 
ounces are suspended from a rubber cord, its lengths are found 
to be 7 inches, 9 inches, 10 inches, and 12 inches, respectively. 
Write a formula for computing the length for any other weight 
(1, w). 

19. A railway station, B, is 190 miles east of a station, A. A 
train running on a road passing through A and B is leaving B 
and going east. Distance east of A and velocity east are eon- 
sidered positive. If the train runs at an average rate of 40 miles 
per hour, what will be the formula giving the distanee, d, from 
A at the time, ¢, time being counted from the instant that the 
train leaves B. 


The formula is 


d = 190 + 40t. 
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This is an excellent formula for giving practice in the inter- 
pretation of directed numbers. 

20. Write a formula for computing the n™ term of the arith- 
metic progression, 

2, 7, 12, 17, 

starting from 12. 

21. Two trains are now d, miles apart and are traveling on a 
straight road at the rates of ri and rz miles per hour. Write a 
formula giving their distance, d, apart at any time, f¢. 


The formula may be written as 
d=de +(rz—rn)t 


It has a broad application since it can be used in expressing 
the relation between objects which are changing uniformly either 
in the same or opposite senses. It offers an excellent oppor- 
tunity for practice in the interpretation of directed numbers. 

22. A boy rolls a ball up a smooth ineline with velocity of v, 
feet per second. Its velocity decreases uniformly at the rate of 
a feet per second. Write a formula giving the velocity of the 
ball at any time (v, ¢). 

23. A sea-ecoast town, Y, bears N25°E from another coast 
town, P. <A ship is sailing from P to Q at the rate of 18 miles 
per hour and is now 4 miles directly east of a coast town, T. Let 
distanee north and east and rates in a northerly direction be 
positive. Write a formula giving the departure of the ship 
from T at other times (d, ¢t). 

The formula is 

d == 4 -+ 18tsin25 


Formulas of this type give practice both in the use of trigo- 
nometrie ratios and in interpreting direeted numbers. 

24. A point moves so that its distanee from the z-axis is 3 
inereased by twice its distance from the y-axis. A second point 
moves so that its distance from the x-axis is 6 diminished by its 
distance from the y-axis. Find the co-ordinates of the point 
of intersection of their paths. 

25. Two rubber cords hang side by side suspended from a 
horizontal support. One is 18 inches long and is stretched 1°¢ 
inches by each additional ounee hung at its end. The second 
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is 21 inches long and is stretched 7/16 inch by each additional 
ounce. What weight will stretch them to the same length and 
what will the length be? 

26. The pupil will have little difficulty in deriving the form- 
ulas for the areas of parallelograms, triangles, and trapezoids, 
viz., , 
A=bh, A=WUbh, A=Vh(a-+ bd). 


27. If two adjacent sides of a parallelogram are a and b and 
the included angle is a, then 


A = absina. 
Similarly for the triangle 
A = lwAabsina. 


28. From the definition of square formulate a rule for finding 
its area and express it as a formula (A, s). 
29. The load that may be safely earried by an iron chain is 
given by the formula 
| == 7.11d?, 


where / is the load in tons and d is the diameter of a link ex- 
pressed in inches. Translate. 
30. The time of vibration of a simple penduluin is given by 
the formula 
t= 54/1, 


where / is the length of the pendulum in feet and ¢ is the time 
in seconds. Translate. 
31. If the formula giving the velocity of a falling body is 


v = 32t, 
show that the distance, s, through which it falls in ¢ seconds is 
s = 16?*. 


The derivation of this formula requires the use of the formula 
for the sum of an arithmetic series. 

32. From the definition of annulus show that its area is given 
by the formula 
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33. In a ‘‘potato’’ race the potatoes were placed in a straight 
line at equal intervals of 10 feet. A basket, in which a cou- 
testant was to deposit each potato in turn, was placed at a dis- 
tance of 15 feet from the first potato and in the line of potatoes. 
Show that the total distance traveled by a contestant is 


d = 10n? + 20n, 


where n is the number of potatoes. 
34. If a body with an initial velocity v, moves under con 
stant acceleration, a, so that its velocity is 


v=v,+at, 
show that the distance passed over during time, f, is 
$= vot + Yat. 


Since the letters in this formula represent directed numbers, 
it offers an opportunity for more practice in their interpreta- 
tion. 

I wish to turn aside here to add a remark in regard to the 
use of simple material from mechanies. There seems to be a 
disinelination on the part of some mathematies teachers to use 
such material on the ground that it takes too much time for the 
demonstration of mechanical principles, and anyhow they be- 
long to the department of physies. 

Of course on the same ground one could object to the use of 
geometrical material since its takes time to get geometrical prin- 
ciples before the pupils, and anyhow they belong to the course 
in geometry. On the same ground one might object to intro- 
dueing any material for the purpose of making applications. 

The answer to these objections is obvious. The majority of 
ninth grade pupils will never take a course in physics. The 
simple mechanical laws do not require much time for their 
illustration. Moreover, mathematics is just as much concerned 
with mechanical laws as it is with geometrical laws or any kind 
of laws. Our high school mathematics in the past has been 
formal and, so far as the average pupil is concerned, sterile. 
Our pupils have asked us to give them a raison d’etre of algebra 
and the only justification we could give was that it possibly 
trained their minds and, if they continued work in mathe- 
maties, they’ would need it in later courses. 
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These two answers are really identical. For, if a pupil is 
given nothing but formal mathematics, his mind will be trained 
for that sort of mathematics and that only. If we wish alge- 
bra to funetion in the lives of our pupils we must see to it that 
it has many points of contact with their experiences. There 
is no transfer of mental training from algebra unless the teacher 
sees to it that the pupil identifies its laws with the laws of 
nature and society about him.! 

Evaluation of Formulas. Uf a formula is written in the ex- 
plicit form it may be considered as a general solution. To obtain 
a particular solution we need only substitute the given numeri- 
cal values of the letters and then simplify. Since the necessity 
for the evaluation of formulas occurs very frequently not only 
in mathematies but also in all sorts of scientifie and technical 
work, it is highly desirable that the pupil should be given a 
great deal of practice in substitution from the beginning of the 
course. 

{f a number of particular solutions for a letter in a formula 
are required it is probably desirable to solve the formula before- 
hand for this letter and then substitute the given values of the 
other letters. However, if one meets a problem in which it is 
required to find only one numerical value of a letter which is 
not expressed explicitly in terms of the others, it is better to 
substitute the numerical values of the other leters in the formula 
and then solve the resulting equation for this letter. Thus a 
large amount of legitimate equation material may be obtained 
in this way. 

Moreover, in general, it is better that a pupil become familiar 
with but one form of a formula. For example, it is better that 
the formula for uniform motion should be learned in the form 
d = rt rather than in all three forms. Or, that the formula, 


s==v,t + lal’, 


should be known in this form rather than in a number of forms 
in which it might be expressed. 

In solving a problem involving a formula the pupil should 
be required to write the formula first. On the part of the pupil 
this guarantees that he think out the plan of his solution at 


ic. H, Judd, “Psychology of High School Subjects.” Especially the 
chapter on “Generalized Experience.” 
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the start. On the part of the teacher it means a saving of time 
and energy in discovering the plan of the pupil. After the 
formula has been written the known value of the letters should 
be set down. These values should then be substituted in the 
formula and the resulting equation solved. 


Let us consider some examples of equations which arise from 
substitution in formulas and the form in which the work should 
be written. 


Example 1. What time will be required for a ball to attain 
a velocity of 22.3 feet per second in rolling down a smooth in- 
cline which has an inelination of 6° ? 


Solution. Computation : 
v = 32.2tsimi 32.2 22.30 | 3.38 
v = 22.5 105 2016 6.63 
sin6? = .105 — — 
", 22.3 == 32.2 « .105t 3.22 214 
22.3 = 3.38t 16 203 
= 6.63 — — 
3.38 11 
10 
Example 2. Change a8” EF. into degrees C. 
Solution : 


F = ?C + 32 
F — —58 
", —-D)8 = $C + 32 
—90 = 2 C 
—450 = 9C 
C = —50 


Example 3. An automobile is traveling at the rate of v, miles 
per hour when it begins to change its velocity a miles per hour 
every minute. If the velocity is now 27 miles per hour, the origi- 
nal velocity 15 miles per hour, the change in velocity + 3 
miles per hour every minute, how many minutes has it been 
changing its velocity ? 
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Solution. 
v= uw+at 
v == 27 
% =15 
a=3 
",.27=—15+4+ 3 
= 4 


Example 4. <A rifle was fired horizontally from the top of a 
cliff 100 feet above the level of a lake. The bullet had a hori- 
zontal velocity of 800 feet per second. How far from the foot 
of the cliff did it strike the water? 


Solution. 


s = 160? d—rt 
s = 100 r = 800 
“. 100 = 1622 = 5/2 
t = 5/2 d= § x 800 
; == 2000 


Solving a Formula. Since it is sometimes desirable to express 
one of the letters of a formula explicitly in terms of the others 
and sinee, also, a change in the form of a formula may give addi- 
tional information, the pupil should be given practice in solving 
formulas for any letter. If the steps in the solution of a numeri- 
eal case are noted, it becomes a simple matter to write down the 
corresponding general solution. Thus if the pupil is required 
to solve the formula, 

F =—}C+ 32 


for C, let him first find the value of C let us say for F — 68 


without making any combinations. Thus: 


68 — $C + 32 
68 — 32 — 3C 
5 (68 — 32) — 9C (68 — 32) 
C = $(68 — 32) 
Now it becomes evident to the pupil that 68 may be replaced 
by F thus obtaining 
C = §(F — 32). 
After some practice in this proceedure he should be required 
to solve for letters as if they were numbers. 
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COMBINED MATHEMATICS 


By PROFESSOR W. PAUL WEBBER 
University of Pittsburg 

The writer has found a good many teachers of high school 
mathematies who are not clear as to the nature and significance 
of combined mathematies, or as some term it, fused mathematies. 
He has further found that a considerable number of these teach- 
ers are honestly, though not always very actively, seeking light 
on the subject. In localities where the adoption of such courses 
in high sehools is imminent, the question is one of considerable 
interest. In talking with teachers there has been found a wide 
divergence of opinion as to what constitutes a combined course 
in mathematies. Even the text books do not appear to convey 
a uniform opinion on this point. In what follows, the writer, 
in giving his views, may inadvertently appear to take sides. 

It may be well to consider first, very briefly, the origin of 
combined mathematies from the pedagogical standpoint. How 
has combined mathematics come into existence? A number of 
the best and most conscientious teachers reeognized the unsuit- 
ableness of the traditional courses under existing conditions in 
school. They at last reeognized that Euclid and his suecessors 
were not suited to juvenile instruction. Euclid was originally 
intended for mature adults. A similar conelusion was reached 
regarding the traditional algebra. These teachers set about con- 
structive remedial measures. They were patient and devoted, 
and finally became insistent. Combind mathematies is one of 
the results of their efforts. In so far as their testimony goes, con- 
sidering their reputation as teachers, it must command serious 
attention. They had no idea of elimination. They wished to 
make the courses in mathematics more atractive and more effi- 
cient as an educational instrument. No claim of perfection or 
finality comes from them. We, as teachers, are to try out, and 
to further improve what they have given us. 


One of the greatest difficulties to an understanding of com- 
bined mathematies is lack of information. There is, also, the 
ever present difficulty in the way of every new move, fear. This 
is psychological and will vanish when the first has been re- 
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moved. To some, the term combined mathematies, seems to sug- 
gest the impossible task of teaching simultaneously, arithmetic, 
algebra and geometry in some form not very dissimilar to the 
present traditional courses. To others, the term suggests an un- 
defined ‘‘hotch poteh.’’ To still another group, the term sug- 
gests a sort of materialistic substitute which is not mathematies 
at all. So it goes on. Now, as the writer coneeives combined 
mathematies, these are all wrong or at least, very misleading. 

Taking up the first difficulty mentioned above, it is to be 
observed that the traditional mathematical curriculum of a 
standard high school is usually: one year of algebra, one year of 
geometry, half a year or a year of advanced algebra, followed by 
solid geometry or plane trigonometry, or both. Plainly, this 
course is a suecession of partial courses or branches taken 
through the high school period. That is, we have an alterna- 
tion of topies in rather large units of years and half years. One 
thing that combined mathematie purposes is to alternate the 
topies in smaller units, very much smaller units. Thus the dif- 
ficulty of simultaneity as above indicated is removed. 

Then comes the question of the unifying or co-ordinating prin- 
ciple which is to hold the course together. Let us first ask what 
has been the unifying principle of the traditional courses. In 
geometry, it has been logical sequence for the most part, and a 
fair degree of completeness as a final goal. In algebra, it seems 
to have been the historical order of development of the opera- 
tions of arithmetie with the generalized numbers, as is* the 
fashion in ordinary arithmetic. This may be termed a eumula- 
tive instrumental value of processes. Individually, each process 
is developed more or less logically. Now what appears to be 
the unifying principle of combined mathematies? In answer 
we may say there are several. The author of one text on com- 
bined mathematies for college freshmen has used the notion of 
function as a connecting principle. In faet, each chapter is 
roughly a more or less complete mathematical treatment of a 
single type or group of funetions. Various operations are ap- 
plied, in order, to each type. The types increase in complexity 
as the course proceeds. Another author has apparently taken 
the cumulative instrumental value as a unifying principle. 
There is evidence that he has made use of thé function idea in 
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certain parts. Other writers have made use of these and other 
prineiples in constructing courses in eombined mathematies. 
Only the most outstanding principles have been pointed out. 
For a complete analysis would show various subordinate prin- 
ciples woven into the larger plan. To mention all these would 
take us beyond our limits in this paper. 

It seems to the writer, that the function idea, in any of its 
eurrent forms, would not be well adapted as a unifying prin- 
ciple in courses for first vear high school pupils. The prin- 
ciple of cumulative instrumental value seems practicable and 
inore in line with practice in some of the older courses. 

It may now be asked whether the logical consistency of the 
development need be sacrificed when some principle, other than 
logical sequenee, is made fundamental in binding the course to- 
gether. The answer is certainly in the negative. For there is 
ample place for the principle of logical sequence as well as 
scientifie proceedure in the development of particular topies. 
This will be illustrated later. Then what is to be gained by 
changing from the time honored course to the combined course? 
Different advocates will offer different claims. To the writer, 
some advantages stand out clearly. 

(1) It is possible to so arrange the course in a sequence that 
the most useful (both mathematically and practically) ean be 
presented in cumulative order, while the acknowledged diffi- 
cult, parts can be postponed to a later stage, when they will be 
more easily approached. 

(2) By bringing algebraic methods and geometrie methods 
into elose relation from the start, a longer period of training in 
correlating these methods is gained. 

(3) For students who will not go far in mathematies, either 
on account of taste or ability, the combined course seems to offer 
more that is useful (or usable) and within the grasp of the 
weaker (mathematically) than is possible under the old plan. 


(4) Those who may desire to take fore advanced courses will 
approach them with a better perspective of their content and 
purpose. As a consequence, they will make more rapid progress 
in the more specialized branches, such as formal algebra and 


demonstrative geometry. 
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(5) Saving of time has been offered as a distint advantage. 
To the writer it seems this may be open to question. But teach- 
ers who have tried it claim that both plane and solid geometry 
ean be done satisfactorily in a single year, following a good 
course in combined mathematies. They also claim that formal 


se 


algebra can be covered through ‘‘third semester algebra’’ in a 
single year, after combined mathematics. This appears to be 
entirely feasible. It appears that in three years, pupils begin- 
ning with a year of combined mathematies can get as far in 
formal mathematies as under the old plan in the same time. 
They will probably have a much better use of their mathematics 
at that stage under the new plan. It remains to be seen whether 
there ean be an actual material shortening of the time to cover 
three years’ work. The facet remains that no time is lost by 
the new plan. 

It may be suggestive to outline an example of proceedure for 
the sake of definiteness. For example, one book starts out with 
the use of the simple equation as an instrument in solving con- 
erete problems within the understanding of the pupils.  In- 
cidentally, but with definite purpose, through the first chapter 
some of the terms and fundamental processes relating to equa 
tions are used and explained, such as: 


1. Equal numbers may be added to both members of an 
equation. 

2. If both members of an equation be multiplied by the same 
or equal numbers, the results will be equal. 


In the next chapter, some definite fundamental geometric 
facts and prineiples are introduced. Then the equation is ap- 
plied to a new set of problems involving the geometric knowledge 
just gained. 

In a following chapter, some further algebraic and geometric 
principles are developed and applied to problems of a more ad- 
vaneed type. In general, the entire year’s work is developed 
systematically and with as much logical soundness as the pupils 
are capable of appreciating. There is thus accumulated a stock 
of intuitional and experimental geometry correlated with a work- 
ing knowledge of the fundamentals of algebra in the use of 
simple forms. Such a foundation will, with little doubt, form 
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a good basis for the study of a standard course in formal algebra 


or geometry. 

It is to be remembered that the claims above mentioned are 
dependent upon good teaching. It follows that a responsibility 
rests with teachers for the sueeess of the plan. It must be re- 
membered that the old plan has been diseredited, rightly or 
wrongly, and cannot be restored if the new plan should fail. 
The question comes, *‘ What then?’” The answer is, no required 
mathematics in the high sehool curriculum. Such a result would 
be little short of a catastrophe in edueation, and while it prob- 
ably could not be permanent, it would take a generation to im- 
press the fact upon the public, and that much time would be 
lost. The logical thing to do is to make the revised plan a sue- 
cess as far as possible. 

Many teachers object to combined mathematies on the ground 
that it is not suffieiently thorough. What is thoroughness? Is 
it not possible that some confuse thoroughness with complete- 
ness, in the sense of covering all that is available in a subject? 
Thoroughness in elementary instruction cannot be measured by 
completeness. It must be measured by the degree of fixedness 
of that which is attempted. A course in algebra covering only 
the simple equation is, so far as concerns the solution of con- 
_erete problems, or may be, thorough. This much is done thor- 
oughly when pupils ean use such knowledge well and readily. 
Such a course would not be a complete course in algebra, how- 
ever. We will say, then, that a course is thorough if it trains 
pupils well in the use of a set of methods and principles, even if 
limited to simple matters. The thoroughness here advocated les 
more in training in the use of seientifie proceedure. It is be- 
lieved that herein lies the edueational value of mathematies, if 
there be any beyond the few faets needed in daily life. 

In closing, a brief outline of a method of scientifie proceedure 
will be given. A similar one has been given during the last ‘ev- 
eral years by the writer to his classes in the ‘‘ Theory and Meth- 
ods of Teaching Secondary Mathematies.’’ 

Reasoning may be defined as a rearranging and a recombining 
of ideas and facets with a definite purpose. In all reasoning it 
is necessary to have a definite starting point, to understand the 
meaning of all terms used in the given data and in the processes 
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of rearranging the ideas. It is further necessary to have definite 
rules, or eriteria of proceedure. To be specifie: 

1. The given data, conditions or hypotheses must be clearly 
known. 

2. The objective or conclusion (thing to be done) must be 
known. 

3. Every term used must be defined (understood). 

4. There must be an analysis of the given conditions and of 
the objective, with the view to finding a set of faets, ideas or 
steps leading from the data to the objective. 

®. Assemble all faets and ideas that are known and _ that 
seem to be related to the problem. 

6. Select a succession of steps or relations that will lead in an 
orderly, convineing way from the data to the objective. 

7. When a selection of steps has been found and tried, and 
fond unsatisfactory, another set must be sought and tried out. 

8. Having found a set of steps that is satisfactory, state the 


result and interpret it, indicating any special eases or restric: 


tions that are to be observed. 

The question arises here as to whether we have given as much 
effort to teaching secientifie methods of proceedure as to teach- 
ing mathematieal facts. Should not every new problem be 
made a means of cultivating the habit of secientifie methods of 
proceedure ? 

Without burdening this paper with further details, the writer 
can hardly do better than to refer the reader to Fundamental 
Aspects of Mathematical Training, by Prof. Sanders, Bulletin 
of Louisiana State University, Vol. XIII-N. S., February, 1921, 
where an exeellent collection of carefully worked out illustra 


tions may be found. 
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TEACHING PUPILS HOW TO STUDY MATHEMATICS 


By ALFRED DAVIS 
Soldan High School, St. Louis, Mo 


LI. 

So far the suggestions which concern study and teaching have 
been of a general nature, applicable, for the most part, to any 
study. We shall now discuss in greater detail the study of 
geometry. We select this subject beeause it offers unusual op- 
portunities to both teacher and student for both teaching and 
study. The suggestions made for geometry will make clear the 
proper methods of procedure for other mathematical studies. 
Moreover, the student who handles geometry successfully is 
probably equipped to study any subject to whieh he wishes to 
apply himself. 

Some teachers start a class in geometry by spending the first 
few days in the reviewing of algebra. This is a serious mistake. 
It matters not how expert the pupil may be in algebra, nor how 
well he may like the subject, such a procedure at the beginning 
is a distinct loss. The pupil comes with an appetite for a new 
subject, and he is curious to know what that subject will be like. 
The wise teacher will use this advantage to begin the study of 
geometry at onee. The teacher who fails to do this raises un- 
necessary barriers to the pupil's interest and suecess—a disad- 
vantage that, in some cases, may never be overcome. If the re- 
view of algebra should be necessary, let it come at the time the 
subject is needed in the geometry. 

The work in geometry should not begin with formal demon 
strations. To plunge into this is to bewilder and to discourage 
the pupil. He cannot recall anything like these proofs in his 
experience; and so it is impossible for him to make the proper 
associations whereby the new material can be related to what is 
already known. Accordingly, for a long time (perhaps for all 
time) the study means nothing to the student. It does not help 
matters for the teacher to tell the pupil that he subject will clear 
up later, the chances are that the prospect for this has been 
already lost in the dislike of the student for the subject. It is 
usually such procedure at the beginning of the course that leads 
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pupils to say, ‘“‘Geometry is hard,’’ or ‘‘I hate geometry.’’ The 
difficulties of a pupil of normal ability are more than likely 
due to mistakes in teaching. 

In this day of enlightenment and of progress it may be safe 
to assume that no teacher will begin geometry by assigning long 
lists of definitions and axioms to be memorized without any ap- 
parent reason therefore. These should be learned only when 
needed for further progress in the study of the subject. At 
such times it is convenient to refer to them as tools with which to 
work, just as the carpenter needs to know the use of the ham- 
mer, saw, ete., before he ean build anything worth while, so we 
must be thoroughly familiar with certain tools before we can 
build our interesting proofs. Sinee these definitions, which are 
the fundamental hypotheses for our work, are justified by ex- 
perience, we must see to it that the experience of the pupil is 
extended, if necessary, to enable him to thoroughly understand 
their meaning and to feel justified in accepting them. It often 
happens that what is perfectly obvious to the teacher, is 
‘*Greek’’ to the pupil. <A constant effort must be made to ascer 
tain what the pupil knows, for it is only as we build on this as a 
foundation that our efforts can have any value whatever. 

The introduction of a class to the study of geometry is one of 
the most important parts of the course. Suecess or failure fre- 
quently depends on this. The subject should be made interest- 
ing from the beginning. The teacher should question the class 
as to what their notions of geometry and its values are. With 
this as his starting point he should lead them to a general 
survey of the ground to be covered, and the advantages to be 
sought in the study. The subjeet should be given an historical 
setting. The part it has played in great engineering efforts, its 
importance in further progress, and the invincibility of its eon- 
clusions will appeal to the pupil. The table of contents in the 
text may be used as a guide for the student when giving a sur- 
vey of the progress of the study. 

Having stirred the pupil’s interest and expectation the pupil 


‘should be provided with some simple instruments such as ruler, 


compass, protractor, ete. Such exercises as the following should 
be worked out neatly by the pupil under suitable direction : 
Bisect a line. 
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Biseet an angle. 

Draw a perpendicular to a line at a point on the line, at a 
point not on the line, at the end of the line. 

Cireumscribe a cirele about a triangle. 

Inseribe a cirele in a triangle. 

Inseribe a hexagon, a square, ete., in a given eirele. 

Make some interesting designs, some of which may be devised 
by the pupil. 

It will be desirable to have the pupil put these constructions 
neatly in a note-book. This note-book may later contain the 
most difficult and most interesting exereises of the course, and 
such matter as the pupil needs for reference, as well as exercises 
and supplementary work assigned from time to time by the 
teacher. 

This work will acquaint the pupil with geometrie forms, con- 
structions, definitions, ete.; develop aeceuraey that will be im- 
portant in later work; and above all it will maintain interest, en- 
thusiasm, and appreciation. Formal proofs of these exercises 
should not be attempted at this time. However, the pupil should 
cheek his work by measurement, and when he ean he may, in an 
informal way, say why he thinks the construetion ought to be 
accurate. This will lead, in the ease of some constructions, to a 
realization for the need of a proof, and the pupil will have an 
appetite for the more formal proof to come later. The mini- 
mum time for this sort of work is about a week; the work 
should not be allowed to drag; if interest eannot be maintained 
in one thing try something else, keeping in mind the inexperi- 
ence and limitations of pupil. 

It is the utmost folly to begin our proofs by trying to prove 
something that seems perfectly obvious to the pupil. The pupil 
must realize the need for a proof, or the work will be trivial and 
unimportant for him. Those propositions which the experience 
of the pupil justifies him in aeeepting should be postulated— 
assumed true. It may be that he will later see need for the 
proofs and then they may be taken up again. The following 
scheme has been tried with success. The teacher goes over the 
statements of the theorems carefully with the class. If every 
member of the class is willing to accept the theorem without 
proof it is indicated on the blackboard in the column for the- 
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orems not to be proved; if all think, or if any member of the 
class thinks, a proof is needed, the theorem is indicated in the 
column for those needing proof. As the game progresses the 
class may transfer some that they at first thought did not need 
proof to the other column. All those which finally remain in 
the assumed elass are assumed, at least for the time being. Of 
course, the success of such an experiment depends on the skill 
of the teacher. The pupil is likely to assume the truth of such 
theorems as: All right angles are equal. All straight angles are 
equal, ete. If the pupil is inclined to assume too many theorems, 
a few exercises may be used to convince him that looking at a 
figure is not always sufficient evidence for an assumption. Con- 
siderable interest may be aroused by having a number of pupils 
who have seen the same event report on the details of the oeeur- 
renee, and noting the contradictions that come up. Two parallel 
lines may be drawn on the hoard, and these crossed by numer- 
ous other lines drawn through a point midway between them. 
For most pupils the lines will now seem bent and no longer par- 
allel. Other devices to be found in any modern geometry text 
may be used. The pupils are usually surprised and interested 
with these experiments and will be led to question some of the 
statements which seemed obvious before. Again, if the teacher 
wishes to start with a theorem which the class does not see the 
need of proving, it may be studied as a model of what a proof 
ought to be, and as an easy example of this. If two straight lines 
intersect, the vertically opposite angles are equal is such a 
theorem. Indeed all the theorems worked out in the book should 
be treated as models, and the exercises should be treated as 
theorems upon which the pupil is to apply the methods learned 
from the models and so measure his own progress. Otherwise, all 
the proved theorems of the text might be learned without 
mastering geometry. 

The necessary parts of a proof may be approached and illus- 
trated by reference to debates, with which the pupil is prob- 
ably somewhat familiar. In this way he will learn the meaning 
of a proof in geometry, and he will early appreciate its clear, 
concise, and accurate statements, and the certainty of its con- 
clusions. He will rapidly aequire confidence in his own ability 
to think. The study of geometry should be directly related to 
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the study of debate, not only by the teacher of geometry, but also 
by the teacher of debating. 

It is usually a good plan to require only informal and oral 
proofs during the first weeks. To insist on completely written 
proofs from the beginning is to make the work unnecessarily dif- 
fieult, and to discourage the pupil. Time is needed to become 
acquainted with this new method of reasoning, and it should be 
our first concern to have the pupil feel comfortably at home 
with the process. The pupil’s attention may, at the proper 
stage, be directed to the importance of being able to write his 
arguments in a convincing manner. <A few attempts at this, 
followed by a thorough and construetive discussion will lead to 
the mastery of the formal proof. The teacher may aid the pupil 
vreatly by working out the proof of an ‘‘original’’ with the 
class and by writing it on the board. This exercise may then be 
erased from the board and assigned for home work. If the re- 
sults are satisfactory other ‘‘originals’’ may be assigned to be 
worked out by the pupil without assistanee. It would, however, 
be drudgery to require that all originals be written out in this 
laborious manner. Such a requirement would rob the best part 
of geometry of much of its interest. Great care should be ex- 
ercised by the teacher in the selection of problems. No text has 
yet been so well devised that all the problems it contains should 
be worked by any one class, nor does any text contain all the 
problems that a teacher may use to advantage. Reasonable care 
should be given to aeeuraey in the drawing of the figure used, 
and to the form of the written proof. It is not always desirable, 
however, to insist on a set form of written work for every mem- 
ber of the class. The elass must be taught to analyze a prob- 
lem for the purpose of discovering proofs for themselves. 

The writer uses the following method with much success: 
After the class has become somewhat accustomed to the solving 
of exercises, anticipate a new theorem by giving the statement 
of it to the class, but keep the fact that it is another proved the- 
orem a seeret. Discuss the new problem and by skilful question- 
ing, where necessary, develop the proof. When the work has been 
completed the class will be surprised and elated to learn that 
they have proved the next theorem, and it will usually seem an 
easy matter, besides teaching concretely how to study a ge- 
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ometry lesson. The pupils will read the proof for this theorem 
as given in the text with great interest to discover if possible 
any variation from their own proof. If any differences can 
be found the pupils ean be impressed with the fact that they are 
studying a department of knowledge and not merely a text. 
They will read the text more carefully thereafter, and try to 
find proofs other than those given. Of course pupils should be 
encouraged to find new proofs. They should be told if this is 
necessary, that such work counts more to their credit than any 
amount of reproducing of what is given in the text. The 
method just suggested is applicable early in the work and for 
especially difficult theorems as well as for all exercises that 
give trouble. It will not do to anticipate every advance lesson, 
or the interest of the elass, and its motive for effort, will be 
destroyed. The pleasure from the study of geometry consists 
in the mastery of difficult problems without help from anyone, 
and in learning how to gain this mastery. 

The interest of the pupils may be stimulated by the practical 
application of geometry where this is convenient. The pupil 
may be assigned the making of simple instruments, and these 
may be used in working out problems in the elassroom or out-of- 
doors. For example, the pupil may make a quadrant and 
use this to measure the height of objects, ete. Valuable sug- 
gestions along this line may be found in the Stone-Millis Plane 
Geometry, 1916 edition, and in other modern texts. It must be 
remembered that the purpose of this work is chiefly to stimulate 
interest. It can be overdone. It will be hard, for example, to 
persuade the intelligent pupil that he is really learning how to do 
the work of the world. In most eases the student, knowing of 
the instruments of precision used in making measurements, 
will soon grow weary of using his own erude instruments, and 
it is not always advisable to provide expensive instruments, this 
for obvious reasons. Again, it is not easy for the average 
teacher to keep a large group interested in a problem out-of- 
doors, even though a detailed report be required. Anything 
more than the oceasional field trip for work out-of-doors is a 
waste of time and effort. 

Interest may be further sustained by referring to the num- 
ber of proofs for the Theorem of Pythagoras, especially to one 
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by President Garfield, and others recently discovered by high 
school students. Some of these may be found in back numbers 
of School Science and Mathematics, and in other periodicals. 

The pupils will be interested in the three famous problems 
of antiquity, and they will be eager to go to encyclopedias and 
other sources for information about these problems. Some mem- 
ber of the class will be interested in constructing an instrument 
for trisecting an angle. Newell and Harper’s Geometry may be 
used by the pupil for suggestions. They will be interested in 
seeing the value of Pi given to 707 places as it.is in Mathematt- 
cal Wrinkles, by S. I. Jones. 

The attention of the pupils may be ealled to some of the great 
problems of geometry and of mathematies. For example: the 
diseovery of the planet Neptune by mathematies; the location of 
big guns in the recent war; ealeulating distanees of bodies re- 
mote from the earth; all of these to show the pupils how im- 
portant geometry has been in the progress of civilization. Take 
them to see great bridges, buildings, great engineering achieve- 
ments within reach, and show the important part mathematics 
had in their construction. The list of interesting things related 
to the study of geometry could be made endless. Those named 
are representative of what the alert teacher, who has a passion 
for his subject, may do. Under such guidance some pupils will 
be inspired with a lofe for the study of mathematies and de- 
termine to study the subject further because of the service it 
will enable them to render their fellows. They will be im- 
pressed with the fact that the world is only on the threshold 
of progress and that going further depends in large measure on 
the use of mathematics. Under proper instruction pupils will 
not lack motive for the study of mathematies. 

The following are a few suggestions to be placed in the hands 
of the student or to be given orally to him by the teacher, on 





‘‘How to Study a Theorem Which Is Proved in the Text.’’ 
Their puprose is to aid the student in mastering the art of study, 
especially as applied to geometry. It would be an excellent idea 
to have such suggestions incorporated in the text to be used by 
the pupil, or placed in the pupil’s hands in the form of a hand 
hook on how to study mathematies. 
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The pupil should first ask himself, ‘‘ What are the purposes 
to be aimed at and accomplished as far as possible, in the study 
of this theorem?’’ There are three important purposes, namely : 

1. To learn the best way of studying, and of thinking out a 
problem. 

2. To be able to use the theorem in proving other principles in 
geometry. 

3. To use the theorem in solving problems encountered in life. 

Which of these three purposes is of greatest concern to you? 
Is not the first by far the most important? Keeping this in mind 
will enable you to guard against the formation of improper 
habits of study. The formation of correct habits in this study 
will be of great assistance to you in your other studies. This 
study has advantages over many other studies in cultivating your 
ability to concentrate your mind on a problem and to ignore dis- 
tractions. You can also be sure of your reasoning because you 
can test your results. 

Memorizing the Proof. Sinee the most important thing con- 
nected with the theorem is the manner in which you study it, 
do not attempt to memorize the proof given in the text. That 
is, do not learn the steps by heart, for such would be mental 
slavery. Rather get the proof by some more thoughtful method. 
Learn to think for yourself and become independent of the 
book. 

Attempt to Find a Proof of Your Own First. Do not permit 
yourself to look at the figure or proof in the text until you have 
first attempted to find a proof of your own. The author prob- 
ably proved the theorem in full because he thought it difficult 
for you. He got all the fun which such work gives. The real 
pleasure is in doing it yourself. You may sometimes fail to find 
the proof yourself. But even then, as you will readily see, you 
have an advantage in the fact that you are able to understand 
and appreciate the author’s proof better by comparison with the 
steps in your own effort. It is always exceedingly interesting 
and valuable to see how someone else easily accomplished a 
thing—like working a puzzle, for example—which you had at- 
tempted time after time with failure. The important points 
of the author’s proof which you failed to see are more thor- 
oughly impressed on your mind. 
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In attempting to find a proof of your own before looking at 
that in the text, determine carefully the hypothesis and con- 
clusion, and be sure that you understand positively the mean- 
ings of all the terms involved. How do you find the meaning of 
a term when you do not know it? If you clearly understand 
the theorem you should be able to picture it clearly in your 
mind. 

Draw a figure of your own, using your own lettering. Make 
the figure general. That is, if the theorem speaks of any tri- 
angle, do not draw a right triangle, nor an isosceles triangle. 
For you might be led by the special figure into a mistake in 
reasoning. Make the drawing accurate, because an accurately 
drawn figure will often suggest the proof. If it is at all con- 
venient, use compass and straightedge in drawing the figure. 
Thus, if the figure is supposed to contain a perpendicular to a 
line, actually construet the perpendicular with the ruler and 
compass. 

Now in endeavoring to discover the proof, it is usually best to 
begin by considering the conclusion 

1. What kind of relation does the conclusion involve? Prov- 
ing lines equal? Proving lines parallel? Proving angles equal? 
Proving a proportion? If it is proving lines equal, recall the 
different ways in which this is done—by congruence of triangles, 
opposite sides of a parellelogram, ete. 

2. Reeall any previous theorems, corollaries, or definitions 
thus related to the conclusion, on which the proof may be made 
to depend. Continue until the required links for connecting 
the hypothesis and conclusion are found. 

3. If necessary, try to draw auxiliary lines that will help in 
the proof. 

4. If you can find no direct proof in this way, think whether 
or not the indirect, or analytic, method of proof may be used. 
That is, proceed step by step from the conclusion to the hypothe- 
sis, asking at each point ho wthis result can be justified. 

Studying the Proof in the Text. If you sueceed in discover- 
ing a proof of your own, then read that of the text and com- 
pare the two. If you fail to discover a proof, study the 
author’s proof. Observe especially the critical points of the 
latter which you failed to think of in your own struggle. These 
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are your weaknesses, and attention to them in this particular 
connection will impress them thoroughly on your mind. 

Looking Up the References. The text does not usually give 
the reasons in full for the steps, but gives references in the mar- 
gin to sections where these reasons may be found. The purpose 
of this is not merely to save space, but to give you opportuni- 
ties to think for yourself. Henee, in studying the author’s proof, 
do not look up a reference unless you eannot reeall it. Test 
your accuracy by looking up the reference after you have de- 
vided what it is. Do this with especial care if there is any doubt 
in your mind. If you are sure you know the reference do not 
take time to look it up. 

{n reciting the proof orally, or in writing it, you should state 
in full the reasons for all steps. Do not refer to them by num- 
ber, as that would place the useless burden on the mind of mem- 
orizing the number attached to each reason. 

Getting the Main Points of the Proof. In studying the proof 
of the book, try to see the big ideas involved. Is the proof di- 
rect or indirect? Is the main idea congruence of triangles? Is 
it proportion? Is it a principle in parallelograms? Is it a com- 
parison of angles? Is it superposition of figures? 

Determine the most important steps of the proof. Pick out 
the critical points, or the turning points, of the proof. If these 
steps are mastered the others become minor details which are 
easily filled in. 

To what other theorems is the present theorem most closely 
related ? 

It is this organization of the proof—getting the big ideas, 
picking out the most important steps, or turning points of the 
proof, and finding the most important relationships of the the 
orem to other theorems—that should be striven for. 

Writing the Proof. After the proof of the theorem has been 
grasped it should be carefully written out without reference to 
the book. Your accuracy may be tested, if there is any doubt, by 
comparison with that of the text. Nothing will fix the proof 
more securely in mind than writing it out. 

Applying the Theorem. Your knowledge of the theorem is not 
complete until you can use it, either in proving other principles 
of geometry, or in solving problems in practical situations. 
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Henee, examine the exercises in the book, especially those fol- 
lowing closely after the theorem, to determine the use to be 
made of the theorem. Usually a number of such exercises can 
easily be found. Try to find out how to use the theorem in 
solving these exercises. 

Be on the alert to find opportunity to use the theorem in some 
practical situation in your own work. Think of problems out- 
side of the text in which the theorem may have application. 

An Example. Let us illustrate the method outlined above by 
applying it to the study of the following theorem taken from 
the 1916 edition of the Stone-Millis text, page 76: 

The line segment which joins the middle points of two sides of 
a triangle is parallel to the third side and is equal to one-half 
of it, 


You will remember that the thing you value most is the learn- 
ing how to study ; henee, you will try to discover a proof for the 
theorem before looking at the one in the book. 

Having first gotten the meaning of the theorem elearly in 
mind, so that you can imagine the figure, you will draw acecur- 
ately with instruments the following figure to represent the 








theorem. 
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You will formulate: 

(a) Hypothesis—In triangle ABC, D is the middle point of 
AC, and E the middle point of BC. 

(b) Conelusion—DE || AB, and DE = AB. 

In attacking the proof, you see that you are to prove lines 
parallel and line segments equal. There comes to your mind sev- 





398 THE MATHEMATICS TEACHER 


eral methods of accomplishing each of these. You weigh them: 
Lines are proved parallel by means of a transversal or by use of 
a parallelogram. Since you know nothing here about the angles 
formed by a transversal, you decide to use a parallelogram. 


Again, line-segments are possibly most often proved equal by 


congruence of triangles or by means of a parallelogram. The 
parallelogram method is chosen. Henee, in order to form a par- 
allelogram, you produce DE through FE, and draw BF |! AC to 
meet DE at F. 

You may be able to finish the proof or you may fail. In either 
case, you finally come to read the proof in the book which is as 
follows: 

1. D and E are middle points of AC and BC, respectively, 
1. e., AD = DC and BE = EC. Ilyp. 

2. Produce DE through E, and draw BF || AC, meeting DE 
produced at F. 

3. /DEC = Z BEF. Verticle /s. 

LDCE = Z EBF. Sec. 29. 
’. Triangle DEC is congruent with triangle BEF. See. 65. 
.. BF = DC and EF = DE. Def. of Congruence. 
’. BF = AD. Ax. J 
’. ABFD is a parallelogram. See. 90. 

9. ... DE || AB. Def. of Parallelogram. 

10. Also DF = AB. See. 82. 

11. ... DE = 1% AB. Ax. 5. 

In each step try to think for yourself what theorem, corollary, 
or definition is the reason referred to. You should be able to 
reeall it; but if not, then, and not before, is the time to look 
it up. 

It is evident that you will be completely lost if you have not 
reviewed from day to day the theorems, ete., you have previ- 
ously studied so that they may come to your mind when you 
need them. 

Next get the big thought of the proof. What is it? Is it 
not the parallelogram? Is this the only idea of great import- 
anee? No, another is the congruence of triangles in proving 
ABFD a parallelogram. Which, then, are the important steps 
of the proof? Steps 5 and 8. All other steps are of less im- 
portance, and relate themselves to these turning points of the 





TEACHING PUPILS HOW TO STUDY 399 


proof. Fix in mind, then, the movement of the proof, from the 
congruence of triangles to the parallelogram. 

When you are sure that vou thoroughly understand the proof 
write it out in full and then compare what you have written 
with the text. 

Study the proof to find other ways of handling it. If you 
find another way be prepared to offer this in elass. This will 
not only give you pleasure and satisfaction, and improve your 
standing in the class; but it will be an incentive to others to 
do the same sort of work. For example, in this theorem we 
might have produced DE to F making EF = DE, and have 
drawn FB. The triangles could then be proved congruent be- 
cause two sides and the ineluded angle of one would be equal 
respectively to the two sides and the included angle of the other. 

Look among the theorems, corollaries, and exercises that fol- 
low this theorem to find some to which it applies. You will find 
the following : 

The line-segment connecting the middle points of the non- 
parallel sides of a trapezoid is parallel to the bases and equal 
to one-half the sum of the bases. 

The line-segments connecting the middle points of the ad- 
jacent sides of any quadrilateral form a parallelogram. 

The line-segments connecting the middle points of the oppo- 
site sides of any quadrilateral bisect each other. 

If ABCD is a parallelogram, and E and F are the middle 
points of DC and AB, respectively; prove that AE and CF 
bisect DB. 

The medians of a triangle are concurrent at a point of tri- 
section of each (two proofs). 

It will also help us to establish the fact that the middle point 
of the hypotenuse of a right triangle is equally distant from 
the three vertices; and that if the hypotenuse is double the 
shorter leg the acute angls are 30° and 60°. 


Try to prove these exercises, and others you may be able to 
find. It may be necessary to wait until other facts are proved 
before you can prove some of these exercises. Make a note of 
such and be on the look out for the needed information as the 


work proceeds. 
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What is the converse of this theorem? Do you find any proof 
for this? 

Determine the relative value of this theorem as compared 
with other theorems, and be prepared to give reasons in the class 
for your decision. Compare your classification of the theorem 
with that of other members of the elass. Note carefully any 
suggestions the teacher may make in this connection. 

Keep a note book and record all the interesting constructions 
not given in the text, which have come up in the work. Keep a 
careful record of all faets, sidelights, and applications of the 
theorems proved, and indicate earefully the place in the text 
to which these apply. 

If the spirit of these directions is followed, as well as the 
letter, any student can master geometry and obtain from its 
study the benefits to be derived from it. 

To summarize briefly, as a student you should: 

1. Review what has preceded so as to insure its recall when 
needed. 

2. Read the statement of the theorem. 

3. Without reference to the proof in the text try to work 
out a proof of your own, remembering that you have in hand all 
the information needed for the proof. 

4. Compare your proof with that of the book. 

5. If you do not sueceed, or if you have made a mistake, 
master the points in which you have failed, with the determina- 
tion to sueceed the next time. 

6. Be sure to identify the main, or critical, points of the 
proof. When these are mastered the rest is easy. 

7. Try to recall all references to reasons. If you are not sure 
look them up again making an effort to remember them per- 
manently. 

8. It is usually advisable to write out the theorem with the 
text closed, and then compare what you have written with the 
text. 

9. Relate the theorem to facts already studied, and apply it 
to exercises. 


(To be continued) 
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NEWS AND NOTES 


W. D. Reeve, formerly head of the department of mathe- 
maties in the University of Minnesota High School, has been 
elected to the principalship of the school. Mr. Reeve will con- 
tinue to give the professional courses in the School of Education 
on the teaching of secondary mathematies. 


Dr. Frank C. Touron, formerly state supervisor of high 
schools in Wisconsin, is now leeturer of secondary edueation 
in the University of California. 


THE September, 1921, issue of Chicago Schools Journal con- 
tains the new Chicago course of study in mathematies for the 
seventh and eighth grades. It is the work of the Course of 
Study Committee of the Chieago Principals’ Club, assisted by 
a number of distriet superintendents, teachers selected from 
these grades, the direetor of school research, and the members 
of the department of mathmaties in the Chicago Normal College. 
No more complete and modern statement of a course of study 
in the mathematies of these grades has appeared. 


Frances A. Roppy of Hackettstown, N. J., has invented an 
apparatus for illustrating and demonstrating the principles 
whieh underlie the composition and divisibility of numbers, or 
the principles of pure arithmetic. 


THe Newark Evening News of Newark, N. J., under date of 
October 4, 1921, comments editorially regarding the policy re- 
cently adopted by the edueational authorities of Ohio in respect 
in secondary mathematies: 

Making Matuematics A Hie Scuoou ELective 

Ohio has eliminated mathematies as a compulsory study in 
its high schools. The effect probably will be to improve the 
‘‘tone’’ of the average mathematies class. The good mathe- 
maticians will eleet the subject and shine in it, and those not 
particularly strong in the reasoning processes will escape the 
rigorous mental ealisthenies it entails, although they are the 
very ones that need it the most. 
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This is coneeding a good deal to the ‘non-mathematical 
mind,’ a phrase which is too often a mere label for a flabby, lazy 
mind. The worth of mathematics as a mental discipline is too 
firmly established to require argument at this late day. To rele- 
gate it to the position of a mere elective in the secondary schools 
signifies too great a willingness to look upn the mind as a mere 
container of what is poured into it, rather than as a going ma- 
chine, whose powers increase by exercise. The development of 
the logical faculty is of supreme importance to those who would 
interpret clearly the life of which they are a part. The despised 
algebra and the mysteries of geometry—however much they may 
appear, through uninspired teaching, to be blind alley studies, 
leading nowhere in a workday world—are keys that open the 
door to such a development, and are not lightly to be tossed 
away 

Anything that savors of a free elective system has no place 
below the college or university, and there—even in Harvard, 
which, next to the University of Virginia, has been most noted 
for its emancipation of the undergraduates’ choice—the trend of 
late has been in the opposite direction. In seeking to avoid any 
arbitrarily standardized education that permits of no flexibility, 
shall we not do well to continue to realize that there is an indis- 
pensable minimum, say, of English, history, mathematies and 
perhaps of natural science, of which every American high school 
diploma should be a guaranty. 

Our forty-eight state educational systems continue, fortu- 
nately, to be laboratories to test out theories borne in on any 
educational breeze. The Ohio experiment will be watched with 
deserved interest, and no serious objection ean be had to it—by 
those who do not happen to live there. 


THE program of the Central Association of Science and Mathe- 
maties Teachers given in St. Louis, November 25th and 26th, 
consisted of : 

Methods in Beginning Classes in Plane Geometry, A. J. 
Sehwartz, Cleveland High School, St. Louis, Mo. 

What Shall Constitute the Material of the Mathematies 
Courses of the Seventh and Eighth Grades? Report of a Com- 
mittee of Junior and Senior High School Teachers, presented 
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by M. J. Newell, Evanston Township High School, Evanston, II. 

Problems Involved in the Seientifie Construction of the 
Mathematies Curriculum for Grades Seven, Eight and Ninth, 
Raleigh Sechorling, Lineoln Sehool, New York. 

The Project Method in Mathematies, Byron Cosby, State 
Teachers College, Kirksville, Mo. 

The Teaching of Arithmetie in the High School, L. Gilbert 
Dake, Soldan High Sehool, St. Louis, Mo. 

Work Versus Marks, Murray A. Dalman, Director, Depart- 
ment of Reference and Research, Indianapolis, Ind. 

Financial Report of the National Committee on Mathematical 
Requirements, Eula Weeks, member of the committee, Cleve- 
land High Sehool, St. Louis, Mo. 

The officers of the Mathematies Section are: W. E. Beck, 
Chairman; Alfred Davis. Viee Chairman, and Elsie G. Parker, 
Secretary. 


THE program of the Mathematies Section of the University of 
Illinois Conference, at Urbana, November 18, 1921, ineluded: 

‘‘Fundamental Principles of Elementary Algebra,’’ R. L. 
Modesitt, Charleston. Diseussion, W. J. Risley, Deeatur. 

‘‘Teaching Algebra without Home Work,’’ H. C. Wright, 
Chieago. Discussion, Florence Morgan, Highland Park. 

‘“The Proper Amount of Drill in Teaching Elementary Alge- 
bra,’’ Emma (©. Ackerman, Lockport. Discussion, E. L. Mayo, 
Joliet. 


‘‘Is There Any Relation Between General Intelligence and 
Ability to Do High School Algebra?’’ E. W. Schreiber, May- 
wood, and C. M. Austin, Oak Park. 

‘*Intuitive Geometry. What? Where Taught?’’ G. A. Har- 
per, Kenilworth. Discussion, Mabel Sykes, Chicago. 

Symposium on Report of National Committee on Mathematical 
Requirements—The Reorganization of Mathematie Courses in 
Seeondary Sehools: J. T. Johnson, Chicago; Jessie D. Braken- 
sick, Quiney; Georgia Fischer, St. Charles; Grace Madden, 
Champaign; J. K. MeDonald, Decatur; Ruth Utley, Rockford. 

‘*An Experiment in Teaching Mathematies in Several Central 
Illinois High Schools,’’ Lida C. Martin, Decatur. W. T. Felts of 
Carbondale presided. 
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Pror W. H. Merzuer has been elected Dean of the College of 
Liberal Arts at Syracuse University. 

In the article entitled ‘‘Comments on the Teaching of Geome- 
try’’ in the May issue of the MarHeMatics TEACHER, the title and 
position of Mr. Touton is given as Professor of Secondary Ed- 
uecation, University of California, Berkley. When Mr. Touton 
read proof on this article in July, it was signed: ‘‘Frank C. 
Touton, State Supervisor of High Schools, Madison, Wisconsin. ”’ 
The change was’made by the editor without Mr. Touton’s knowl- 
edge and should not have been made. Mr. Touton requests that 
this notation be inserted in the News and Notes section of the No- 
vember issue, for his present position is that of Lecturer in Ed 
ueation, University of California, Berkley, California. 


THe Board of Edueation of Newark, New Jersey, in April 
adopted a new schedule for teachers in high schools as follows: 
Teachers in junior high schools, $1,900 to $3,000; teachers in 
senior high schools, ineluding librarians, $2,100 to $3,800: 
heads of departments, $2,700 to $4,400. The first—and last— 
named groups must serve ten years to reach the maximum, the 
second group twelve vears. Teachers in the all-year high school, 
which is one of the unique features of the Newark schools, re- 
ceive two months’ extra pay, that is, 20 per cent. of the amount 
named. At the same time a statement of policy was adopted 
embodying several novel features in the form of joint econfer- 
ence. committees to which are elected representatives of the 
teaching corps. One such committee has first authority over 
questions of adjustment of individual salaries; another over 
courses for teachers who desire recognition for graduate or 
other advanced study; while a third, the aecademie council, 
mects periodically with the Board of Education to consider spe- 
cifie questions of school policy. The last named has been in 
existence for several years with great suecess to its eredit. New- 
ark teachers are also granted leave of absence for study after 
ten years’ service, with the loss of a fraction, less than half, of 
their salary. These features place Newark in the foremost of 
American cities in publie educational policy. 





ROUND TABLE—DISCUSSION 


Should Text Books Provide Historical Notes? I think his- 
torical material ean be used to good advantage. They do not 
have to be the notes found in our text books, neither does such 
historical material need to come at the time when such notes 
occur in the text books. At the same time I find that some of 
the notes in our books are very timely. The students read many 
of them with interest. 

Krom discussions in elasses | would conelude that most stu- 
dents think of mathematies in some such terms as, ‘‘as it was 
in the beginning, is now, and ever shall be.’’ Some have told 
me that they thought that mathematies had its day; that all 
we did was to keep it as nearly alive as we ean. Discussions in 
the class will evoke correlations from the history, or story of 
mathematies, if you please. The teacher should be alert to take 
hold of such opportunities. Better than formal talks on the his- 
tory, are short allusions made psychologically. I refer particu- 
larly to elementary mathematics classes. 

J. Carvin Funk. 

Santa Maria, Cal. 

Some Qualifications for Junwr High School Teachers of 
Mathematics. The teachers of mathematics in the junior high 
schools cannot be the grade teachers as such without additional 
training. Even less can such teachers be those who lack adapti- 
bility and have received their training in a university only, 
where they have very likely acquired the methods of their pro- 
fessors. Such teachers, especially if thy have never taught be- 
fore, are likely to be teachers of subjects, not of pupils. How- 
ever necessary a good training is for suceessful teaching, we 
must nevertheless not forget that training does not necessarily 
assure us of ability to teach. While the work of the grade teach- 
er is to a great extent drill work, and that of the high school 
teacher of a more specialized nature, the work of the junior high 
school teacher stands out as unique, especially that of the second 
and third year’s work. The psychology of the situation is im- 
portant. Instead of seeing principally the subject matter, the 
teacher should be able to see in his mind’s eye the whole com- 
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munity before him, see the homes from which the pupils come, 
see th different occupations whieh the parents foilow, and see 
the different lines of work or voeations in which the pupils are 
interested. He should acquaint himself with at least some of 
the mathematies of these vocations. With this situation before 
him, he eannot help but make mathematies real and vital to the 
students. We frequently say that the teacher should, during 
this unique period, give the student a glimpse of what mathe 
maties really is, give him a little toueh of the different studies 
in high school mathematies. If the work is handled as I have 
outlined above and as I shall further comment, such a glimpse 
into more scientific mathematies will be quite natural. 

High school teachers who have taught in the grades, ought to 
be promising candidates, for the work in the grades should have 
made them more sympathetic. It seems that teachers who have 
taught in the grades are more desirable than teachers who have 
taught only in high schools. I mean grade teachers who are 
students, who are eager for self-improvement, ever willing to 
widen their knowledge and broaden their horizon. Such teach 
ers should have had four years of mathematies beyond the grades 
asaminimum. Taking for granted, that the head of the mathe 
maties department understands the mission of the junior high 
school; that he has recently taught, or that he is teaching a class 


in the first year of high school mathematies, so that he sees 


clearly the weaknesses and problems in this vear’s work; he ean, 
in my opinion, meet the emergeney quite well until training 
schools train teachers for this work. If he has taught also in 
the upper grades so that these problems are not new to him, and 
if his training in edueation functions in his work, he is, in my 
opinion, ideally fitted to cope with the situation. He should 
give a short series or course of leetures to the prospective or 
entering teachers. Suggestive topies for such course would be, 
the significance and aim of junior high school mathematies, im 
portance of the equation ,the formula, the relation of the equa 
tion to the graph, the importance of the graph with numerous 
illustrations, and others. When the teachers are thus filled 
with the subject, they can be of some inspiration to the pupils. 
It is needless to say that the head of the deparment should keep 
in close and sympathetic touch with the work as it progresses. 
J. Carvin Funk. 
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Greek Mathematics and Science. By Sik Tuomas L. HEatuH. 

Cambridge, the University Press, 1921, pp. 1i+-23. 

This little monograph presents, in the dignified topography 
of the Cambridge University Press, a paper read before a joint 
meeting of the Classieal Association (Leeds and _ District 
Branch), the Mathematical Association (Yorkshire Branch), 
and the Yorkshire Natural Seience Association, at the Uni- 
versity of Leeds, on Mareh 5, 1921. 

The American reader will probably be conscious of a feeling 


of surprise that three such associations should have joined to 


hear a paper that is devoted chiefly to Greek mathematies, even 
when presented by the world’s leading authority upon the sub- 
ject. That a elassieal group should join with a mathematical 
one might have been expected, even in America, but that an 
association devoted to natural science should also have joined 
in the meting would, unfortunately, be quite unheard of in this 
part of the world. 

A second surprise that will come to the reader is due to the 
large amount of interesting and instruetive material that has 
been condensed in so few pages—material with which a scholar 
will find himself somewhat familiar in most eases, but which 
will also contain much that is new to nearly everyone who opens 
the pamphlet. It is so fashionable in this country to dismiss 
Greek as a museum antiquity, and to devote the time that the 
language formerly consumed to such branches as natural science 
and sociology, that our teachers have lost the interest that their 
predecessors had in the greatest civilization of ancient times— 
a eivilization to which the world is today so largely indebted. 

And yet, in geometry particularly, a subject essentially Greek, 
the teacher is greatly handicapped who does not know the ety- 
mology of the terms in common use. Moreover, it is very sug- 
gestive in relation to methods of arousing an interest in the 
subject to know what ‘‘equilateral’’ means and that it is only a 
Latin translation of isopleuros, which contains the iso of ‘‘isos- 
celes’’ and ‘‘isothermal,’’ and the pleuros of ‘‘pleurisy.’’ What 
a new interest comes into the rather dull vocabulary of the 
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science when we see the relation of ‘‘rhombus’’ to a spinning 
top, and when we know that the Greeks called an angle by the 
suggestive word glochis (arrow head), that a surface was to 
them a chroia (color, or skin), and that a point was a stigme 
(puncture)! The Greek terms are, of course, of little moment, 
but the naive way of naming the geometric concepts will add 
a good deal of interest in teaching the subject. 

There is, however, much more than this in the monograph. 
There is, for example, mention of the prophetic vision of the 
Greek geometers with respect to astronomy, and of the essential 
features of the doctrines of Pythagoras. There is also a state- 
ment, well worth reading, setting forth the influence of the 
Pythagorean brotherhood; even after the death of the founder. 
And with all this there is a brief diseussion of the indebtedness 
of science to the labors of men like Aristotle, Heraclides, 
Democritus, and Anaxagoras. 

The pamphlet can, no doubt, be ordered through the New 
York correspondent of the Cambridge Press, and is well worth 
reading by those who are interested in the better teaching of 
mathematies. 

Davip EUGENE SMITH. 


Eléments de Géométrie. By ALEexis-CLaupE CLairAuT. Paris, 
Gathier-Villars et Cie, 1920, 2 vols. Vol. I, pp. xiv + 95; 
vol. II, pp. 103. 

Probably the most trite remark that anyone of our profession 
can make is that education is at present undergoing a tre- 
mendous change. The remark is true—that is, it is more or less 
true; it is true to us, just as a tree in a forest may seem gigantic 
to our eyes, but a commonplace thing to the aviator a mile above 
the earth’s surface. Nevertheless it is probably a necessity that 
what we do should seem to us big with possibilities, so that we 
may be spurred on by laudable ambition. 


Those of us who wish to see elementary geometry placed upon 
a more satisfactory foundation, at least so far as the teaching 
of the subject goes, will probably agree in a general way to 
such propositions as the following: (1) Geometry should begin 
with intuitive work, and especially with measuring; (2) in par- 
ticular, we should first lead our pupils to employ the most 
natural means of measuring distanees out of doors; (3) still 
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more particularly, the pupils should see the value of indirect 
measurement in such eases as that of finding the distance across 
a stream; (4) simple constructions (drawing of perpendiculars, 
bisecting line segments, and the like) should early form a 
‘‘bond’’ with motor activities; (5) figures should be studied as 
needed, not necessarily in ‘‘ water-tight compartments’’; (6) the 
incommensurable should not trouble the pupil in the initial 
stages; (7) the intuitive work in mensuration should lead to 
‘‘something worth while,’’ like the finding the area of an irregu- 
lar field; (8) congruence propositions may well come rather late 
in geometry, instead of being given first as with Euclid; (9) 


simple instruments, such as the pupil can easily make, should 


play an important part; (10) deduetive work should develop 
vradually from intuitive geometry; (11) similarity should lead 
to the drawing of figures to seale and to the finding of distances 
and areas by the use of the resulting drawings; (12) the intro- 
duetion to demonstrative work may well dispense with the ex- 
treme formalism of Euclid, and with any extended array of 
axioms; (13) the pupil should be allowed to postulate many 
geometrie facets that Euelid would have proved; (14) the di- 
vision of the subject matter into ‘‘books’’ is not a necessity, 
however much it may be desirable for certain reasons; (15) 
there is more than one method of demonstrating a theorem like 
the Pythagorean Proposition, and it is desirable to experiment 
upon others besides the one that Schopenhauer ealled ‘‘the rat- 
trap proof’’; (16) it is not necessary to take as many proposi- 
tions as are found in the older books, and the corollary is com- 
ing to be considered much less valuable than was once thought; 
17) solid geometry may also be much reduced in extent and 
much simplified in presentation; (18) the essential feature of 
xood teaching is to make the subject interesting. 

All these points are recognized by M. Clairaut; they have the 
tlavor of the best experimental schools of today; and any one 
of them might well be the subject of an earnest address before 
an association of teachers of mathematies. For: this reason, we 
may well welcome this recent publication and may commend it 
to all who wish for better geometry in our high schools. 

Another point of value in relation to the little treatise is that 
it is the work of one of the best known mathematicians of 
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France. To have a thoroughly modern presentation of geom- 
etry, embodying the best thoughts of some of our most advaneed 
teachers, and presented by such a genius as M. Clairaut—this is 
refreshing. 

What is the most interesting thing about the work, however, 
is that Clairaut, one of the world’s infant prodigies, wrote it 
in 1741. When only ten years of age he had read Lhopital’s 
analytie treatise on conies; when only thirteen he presented to 
the Academie des Seiences a memoir of higher eurves; when he 
was sixteen vears of age he presented another memoir on curves 
of double curvature; two years later he was admitted to the 
Academie; when he was twenty-three he was made a member 
of a committee composed of some of Europe’s greatest scientists 
in the measurement of a degree of a meridian; and when, at the 
age of fifty-two, he passed away, France lost one of her most 
brilliant writers and imaginative mathematicians. 

Perhaps the greatest lesson that this reprint of Clairaut’s 
well-known geometry can teach us is the lesson of humility. We 
feel that we have made some great discovery in edueation, that 
some committee of which we are a member is revolutionizing 
the curriculum, that our pet experiment is the most important 
one that has ever been made in that field, that the past is mostly 
bad but that we shall help to make the future mostly good. Sueh 
feelings are natural; the world’s inventions and diseoveries have 
been made as the result of such confidence in self. But it is 
well for us all to understand that our ideas have rarely any 
element of novelty and that some portion of our time may profit 
ably be spent upon a study of the attempts of our predecessors. 

In mathematies we have always had the contest between the 
utilitarian and the ideal; between the ‘‘real problem’’ and the 
fanciful; between the psychological and the logieal in the pres 
entation of the subject. The ‘‘problem method,’’ the ‘‘pro 
ject,’’ the ‘‘laboratory method,’ ‘‘mathematies in the field,’’ 
the ‘‘informational problem,’’ ‘‘general mathematies,’’ 
“‘fusion,’’ the ‘‘ratio method ’’—all these and such as these have 
been as thoroughly presented in the centuries past as Clairaut 
presents the intuitive and informal approach to geometry in this 
little classic. All of this should make us humble in our great 
educational theories, but it should not in the least diseourage 
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us in the attempt to advance. Rather should it inspire us to read 

with greater care the works of the leaders in the world’s prog- 

ress and to profit by the permanent features which they contain. 
Davip EuGENE SMITH. 


Junior High School Mathematics. By Water W. Harr. D. C. 
Heath and Co., New York, 1921. Pp. 226. 
The first of a three-book series, designed for the seventh grade. 
Emphasizes the fundamentals, intuitive geometry, and percentaZe. 


The Alexander-Dewey Arithmetics. By GerorGiA ALEXANDER 
and JouNn Dewey. Longmans, Green and Co., New York and 
Chieago, 1921. 

\ three-book series of arithmetics for the first eight grades. More 


than usual emphasis upon socialization and informational backgrounds 
of arithmetic. 


Mathematics for Shop and Drawing Students. By H. M. Kean 
and (. J. Leonarp. John Wiley and Sons, New York, 1921. 
Pp. 213. 

For industrial workers and students who have not completed the 
courses in high school mathematics. Develops the essentials of mathe- 


matics for these students through illustrations from the shop and 
aboratory. 


Mathematics for Electrical Students. By H. M. Kean and C. J. 
Leonarp. John Wiley and Sons, New York, 1921. Pp. 230. 


Similar to above, with illustrations from the field of electricity. 


Arithmetics. By EvGene Ilerz and Mary G. Brants. The John 
(. Winston Company, Philadelphia, 1920. 
\ three-book series for the elementary school, emphasizing com- 
mercial applications. 


The Anderson Arithmetics. Ky Rosert F. ANpEeRSON. Silver 
Burdette and Co., Boston, New York and Chieago, 1921. 
In these three books the author claims to have used “the results of 
modern school practice, experiments, and investigations contributed by 
iny who have labored in this field to discover the inherent difficulties 


i the subject itself, to improve methods of instruction, and to eliminate 
iseless subject matter.” 


Analytic Geometry. By CLaupe IRWIN PALMER and WILLIAM 
CHARLES KrarHwoHi. MeGraw-Hill Book Company, New 
York, 1921. Pp. 347. 

Treats plane and solid analytic geometry and gives a brief intro- 
duction to the Calculus. 
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Arithmetical Essentials. By J. ANprEWw DrusHe., Maraaret E. 
Noonan, and Joun W. Wiruers. Lyon and Carnahan, Chi- 


eago, 1921. 

A three-book series for the elementary school. The treatment of 
Practice Tests alone demonstrates that this is not just another series 
of arithmetics. 


Games and Play for School Morale. By Ment SuHepparp anid 
ANNA VauGHAN. Published by The Community Service, 
Madison Ave., New York. 


It is always difficult for a layman to decide just what games are 
best suited to children at their various ages. The problem is, of course, 
to get something that will be interesting enough to capture the atten- 
tion of the child, and which will bring into play the characteristics 
peculiar to the particular period of life in which he is. 

“Games and Play for School Morale” will appeal to all who have 
charge of the recreation hours of children, whether in the schoolroom or 
on the playground. The games are graded—from purely imaginative 
ones for small children, to volley ball, Hindu tag, and Indian club 
wrestling for the eighth grade groups. All are simply and concisely 
explained. 

The last section is given over to zroup games for adults. Anyone 
who has ever had charge of a schoo] or community social realizes that it 
is not an easy task to find sufficient games to fill an evening with 
simple and wholesome entertainment conducive to sociability. The 
thirty games described will prove a buon to harassed club hostesses 
and school workers. 
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